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The optically injected semiconductor laser system has proven to be an excellent source of experimental
nonlinear dynamics, particularly regarding the generation of excitable pulses. Typically for low-injection
strengths, these pulses are the result of a small above-threshold perturbation of a stable steady state, the
underlying physics is well described by the Adler phase equation, and each laser intensity pulse is accompanied
by a 2π phase rotation. In this article, we show how, with a dual-state quantum dot laser, a variation of type I
excitability is possible that cannot be described by the Adler model. The laser is operated so that emission is
from the excited state only. The ground state can be activated and phase locked to the master laser via optical
injection while the excited state is completely suppressed. Close to the phase-locking boundary, a region of
ground-state emission dropouts correlated to excited-state pulses can be observed. We show that the phase of the
ground state undergoes bounded rotations due to interactions with the excited state. We analyze the system both
experimentally and numerically and find excellent agreement. Particular attention is devoted to the bifurcation
conditions needed for an excitable pulse as well as its time evolution.
DOI: 10.1103/PhysRevE.100.012202

I. INTRODUCTION

Noise-induced and perturbed dynamics attract significant
interest in complex nonlinear systems. One of the most important noise-induced effects, ubiquitous in systems of coupled
oscillators, is excitability. Excitable events were originally
studied and classified in the neural sciences [1] and have
since been observed in other biological settings including
cardiac arrhythmia [2], chemical reactions [3–5], and most
pertinently for this work, in many laser systems [6–13]. Recently, there has been a growing interest in advancing optical
information processing outside conventional binary schemes,
particularly using photonic and optoelectronic systems to
mimic neural networks for computing (see Ref. [14] and
the references therein). In several schemes, a laser acts as
an artificial neuron with excitable pulses mimicking neural
spikes, combining essential processing tasks of logic-level
restoration, cascadability, pattern detection, and recurrent
memory [14–19].
In this article, we are concerned with the optically injected
laser system [20]. In the limit of weak injection and small
detuning, the first-order Adler phase equation can be derived
from the full laser equations [21]. The phase locking arises
via a saddle-node bifurcation coinciding with a homoclinic
bifurcation (SNH) [otherwise known as a saddle-node infinite
period bifurcation (SNIPER) or saddle node on an infinite
cycle (SNIC)]. Close to the phase-locking boundary, perturbations can kick the system from the stable steady state (the
node) beyond the unstable saddle point to yield a 2π phase
rotation accompanied by an intensity pulse [20,22]. Such
2470-0045/2019/100(1)/012202(6)

excitable events are classified as type I excitability [23]. Depending on the laser type, different variations of responses are
possible, including single and multipulse excitability [6–8].
Furthermore, perturbations yielding an excitable pulse can be
noise induced [8,22] or deterministic [24,25].
When undergoing optical injection, InAs-based quantum
dot (QD) lasers exhibit significantly larger and more controllable regions of excitability compared to conventional
semiconductor lasers. This is mainly due to the highly damped
relaxation oscillations of QD lasers. Another distinguishing
characteristic of QD lasers is the propensity to lase from
multiple distinct energy states: Depending on device and
operating parameters, emission may come from the ground
state (GS) only, from the first excited state (ES) only, or
simultaneously from both states [26,27]. The behavior of
such devices while emitting from the GS only has been well
investigated in recent years and studies of the behavior under
optical injection have revealed many interesting phenomena
[28–30]. While studies of optically injected QD lasers in
the two-state or the ES-only regimes are much more rare,
interest in these regimes has recently grown and particularly
in the case where the free-running operation is ES lasing only
and the GS is injected. Of note for this configuration is an
ultrafast all-optical switching between the GS and ES found
in Ref. [31], and an all-optical gating effect when the injected
and saturable GS operates as a gate for the ES output [32].
Enhanced stability has also been predicted numerically, suggesting many potentially useful applications [33]. The mechanism behind this dual lasing phenomenon results from the
cascadelike relaxation pathway for the carriers in the dot: The
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FIG. 1. Setup for unidirectional injection experiment where the
slave laser (SL) is a QD laser and the master laser (ML) is a tunable
laser source (TLS). PC is the polarization controller, OSC is the
oscilloscope, and OSA is the optical spectrum analyzer. The red lines
represent light at approximately 1300 nm close to the GS emission,
the blue is ES only, and the purple is both GS and ES.

carriers are first captured from the wetting layer by the ES and
subsequently relax into the GS. Therefore, the lasing states
in a QD laser can be considered as coupled oscillators with
strongly asymmetric nonlinear coupling due to the cascadelike
pathway for the carriers. Antiphase dynamics appear in cases
such as Ref. [18] where the GS intensity is in antiphase with
the ES intensity. Similar antiphase behavior has been observed
in semiconductor ring lasers when the two directional modes
operate in antiphase [13].
We experimentally and theoretically analyze optically injected QD lasers when the free-running operation is lasing
from the ES only. We optically inject the GS and find a
SNH bifurcation at low-injection levels. Noise-induced excitable ES intensity pulsations and corresponding antiphase
GS intensity dropouts are obtained close to this phase-locking
boundary. These antiphase excitable events display type I
excitability characteristics. We show that the asymmetric
cascadelike coupling leads to excitable events built on an
itineracy of unstable lasing states. By measuring the phase of
the GS during an excitable event, we find that 2π phase slips
are not obtained, and thus the excitable response cannot be
explained by the Adler equation [34]. This is in sharp contrast
to all existing reports on low-injection excitability. Bounded
phase phenomena are possible for the optical injection system
but have typically been associated with Hopf bifurcations
[35,36]. In contrast, here the dual-state property of our QD
lasers allows bounded phase excitable pulses near the SNH
bifurcation.
II. EXPERIMENT

The device used is a 300-μm-long, InAs/GaAs QD laser
similar to that used in Ref. [31]. At 20 ◦ C, the GS threshold
is 32 mA. A dual-state lasing regime exists between 57 and
72 mA where emission is obtained from both the GS (at
∼1300 nm) and the ES (at ∼1215 nm). For pump currents
greater than 72 mA, the GS is completely suppressed and
only ES light is emitted (the ES emission is more than 30 dB
higher than that from the GS). For this experiment the laser is
pumped at 73 mA. A schematic of the experimental setup is
shown in Fig. 1. The laser emits on a single longitudinal mode
from the GS while the ES emission is from many longitudinal
modes. The QD laser is optically injected with light from a
master laser (ML)—an Agilent 81672B tunable laser source
(TLS)—with a linewidth of approximately 100 kHz and a
minimum step increment of 0.1 pm. Here, 10% of the ML
light is used for a phase measurement (see below). The

FIG. 2. Time trace of excitability. (a) shows the 300-ps dropout,
(b) shows the 80-ps ES pulse, and (c) is the phase. Detuning is
−8 GHz.

remaining 90% goes through a circulator and is injected into
the QD slave laser (SL). A polarization controller maximizes
the coupling between the ML and the QD laser. The output
from the injected slave is split, with 50% used for the phase
measurement (described below) and 50% for detuning measurements. In the conventional injection system the detuning
is easily determined. However, for the control parameters
used in this system, the GS is subthreshold when the QD
laser is free running. Nonetheless, while the GS mode is
suppressed by more than 30 dB without optical injection, it is
still visible due to amplified spontaneous emission. We define
zero detuning to be at the peak of this subthreshold mode.
The two control parameters are the injection strength controlled by the ML power and the detuning controlled by the
ML wavelength. Initially the QD laser is free running and
emitting from the ES only. By injecting into the GS with
sufficient strength, phase locking occurs and the GS can be
made to lase with the ES suppressed by 39.7 dB relative to
its free-running value. As the frequency of the master laser is
decreased toward the unlocking boundary, deep GS intensity
dropouts are observed. Experimental measurements of the
intensities are shown for approximately −8 GHz detuning in
Fig. 2. The GS dropouts have widths of approximately 300 ps
and the minimum intensity is close to zero. These dropouts
have corresponding large pulsations in the ES achievable due
to the gain available during the dropout. The ES pulses are
much shorter with a full width at half maximum (FWHM) of
approximately 80 ps. We interpret the behavior as antiphase,
dual-state excitability.
Using the phase-resolving technique of Ref. [37], we can
analyze the phase behavior of the GS. In the injected system, it involves the use of a 3 × 3 coupler with one input
coming from the ML (the 10% mentioned above) and one
from the SL (the 50% mentioned above). The other input
is left empty (see Fig. 1). By simultaneously measuring the
three outputs of the coupler one can find the real-time phase
evolution. For the conventional one-state injection system
where only the ground state is involved, 2π phase rotations
(or multiples thereof) are observed for each excitable event
[6,22]. In the dual-state system of this work, however, this
is not the case and we observe bounded phase trajectories as
shown in Fig. 2(c). Figure 3 shows the phase evolution in a
two-dimensional projection onto the electric field plane.
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FIG. 3. Real and imaginary parts of the electric field showing
the phase evolution. The steady state is at approximately (0.6,0).
When noise triggers a pulse it results in a bounded trajectory that
does not go around the origin. The spiral close to the origin suggests
the presence of a saddle focus.

This bounded phase trajectory cannot be explained by the
simple Adler equation. Moreover, the presence of spiralling
oscillations is also visible. They correspond to the ringing
in the lower plateau of the dropout in Fig. 2(a) and in the
upper part of the phase trajectory in Fig. 2(c). This ringing
can be identified as a form of relaxation oscillation (RO) and is
evocative of the turn-off transient for the underlying off-state
for the GS in the free-running configuration, itself a focus
point. The ringing should not be identified with the relaxation
oscillations of the free-running laser emitting from the ES
only. The ringing is also visible in the three-dimensional plot
of the phase and the intensities of the GS and ES shown in
Fig. 4.
We ascribe the bounded GS phase to the presence of the
ES pulse and the interstate phase-amplitude coupling arising
from inhomogeneous broadening due to the quantum dot size
distribution. This phenomenon has been shown to play an
important role in the system, leading to hysteresis with control
parameter variation [38].
We note that in Ref. [39] pulses could be created without
accompanying 2π rotations. This is very different from the
case presented here. First, Ref. [39] considers a mutually coupled system where the presence of delay coupling allows for
the generation of pulse trains rather than individual excitable
pulses. Further, the pulse generating the train in Ref. [39]
always arises from a 2π slip: It is only subsequent pulses in
the train that might not involve a full slip. What is more, the
influence of noise is also crucial in determining whether or
not a 2π slip arises in Ref. [39]. In this work, the bounded
rotation is deterministically induced by the inherent coupling
of the ES and GS.
III. MODEL

To reveal the central feature of the dual-state excitable
dynamics, we consider rate equations appropriate for our QD

PHYSICAL REVIEW E 100, 012202 (2019)

FIG. 4. A three-dimensional figure showing the phase and the GS
and ES intensities. When the ES turns on, it pulls the phase away
from the origin, stopping a 2π rotation. The saddle focus has two
oscillations as in Fig. 3 but it is not visible from this reference angle.

laser system [38] . They consist of equations for the complex
electric field of the GS (Eg), the intensity of the ES (Ie ),
the occupation probabilities of the GS (ng) and ES (ne ), and
the carrier density in the wetting layer (nw ). We assume a
cascadelike [wetting layer (WL)-ES-GS] relaxation pathway
for the carriers in the dot as suggested in Ref. [26]. Since the
equation for electric field of the GS (Eg) is complex, the phase
space is nine dimensional,



 
Ėg = 21 (1 + iα) 2gg0 neg + nhg − 1 − 1


+ i4βge0 nee + nhe − 1 Eg − i(t )Eg + ε,
(1)
 e e


e
I˙e = 4g0 ne + nh − 1 − 1 Ie ,
(2)





g
g
g
g
e
e
ṅe,h = η 2Be,h ne,h
1 − ne,h − 2Ce,h ne,h 1 − ne,h
− negnh
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(3)
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ṅe,h
= η − Be,h ne,h
1 − ne,h
+ Ce,h ne,h
1 − ne,h


w w
e
w e
− Ce,h
ne,h 1 − ne,h
ne,h − nee nhe
+ Be,h

 
(4)
− ge0 nee + nhe − 1 Ie ,




w
w w
w w
e
w e
ṅe,h = η J − ne nh − 4Be,h ne,h 1 − ne,h + 4Ce,h ne,h . (5)
The subscripts e and h stand for electron and hole, respectively. The dots indicate differentiation with respect to t =
t˜/τph , where t˜ is time and τph is the photon lifetime. η = τph /τ ,
where τ denotes the carrier recombination time. J is the
w
are the capture
pump current, and the terms Be,h and Be,h
rates to the GS and ES, respectively. The escape rates are
given by the C terms and are linked to the capture rates
B via the Kramers relation, as described in Ref. [38]. α is
the usual GS linewidth enhancement factor. It is well known
that a full treatment of this quantity in QD systems involves
subtle details [40]. However, for simplicity, we treat it as a
constant here and find that this is sufficient to analyze the
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FIG. 5. Numerical bifurcation diagram. (a) shows the GS (red)
and ES (blue) intensities vs ε. (b) shows the phase of the GS
vs ε. Continuous (dashed) lines correspond to stable (unstable)
branches. LP and H denote limit points and Hopf bifurcation points,
respectively. BP denotes an unstable bifurcation point. LP1 denotes a
saddle-node homoclinic (SNH) bifurcation and arises at ε = 4.4373.
The fixed parameters are η = 0.01,  = 0, α = 3, β = 2.4,
w
= 100, Cew = 0, Chw = 102 ,
gg0 = ge0 = 0.55, J = 56, Be,h = Be,h
Ce = Be exp(−2), Ch = Bh . Ig is normalized by its value
(Ig = 223.83) at ε = 8.

physics of the system. gg and ge are gain coefficients, β models
the effect of inhomogeneous broadening [29,38], ε is the
injection strength, and  = ωi − ωg is the detuning between
the frequency of the injected light and that of the GS. The
model takes into account the differing spin degeneracies in the
QD energy levels, Pauli blocking, and interstate captures and
escapes. Our two primary control parameters are the injection
strength ε and the detuning .
The bifurcation diagrams of the steady-state solutions are
shown in Fig. 5. The point at which phase locking of the
GS is achieved is that labeled LP1 at ε = 4.4373 and it is
an SNH point. By injecting from the ML into the GS with
ε > 4.4373, we find steady lasing from the GS with the ES
suppressed. By progressively decreasing ε, there is a gradual
decrease of the GS intensity while the ES remains off. As
ε is further decreased below 4.4373, the system exhibits a
cycle that emerges from a homoclinic loop at the limit point
of the GS branches. This cycle manifests via GS dropouts
and corresponding ES pulses and it disappears at the Hopf
bifurcation H. The presence of the homoclinic bifurcation
at the limit point means that at the onset of the pulsing,
the repetition rate is arbitrarily low, confirming the type I
characteristics of the phenomenon.
√
To include the effect of noise, a stochastic term Dξ (t ) is
added to Eq. (1) where ξ (t ) is a Gaussian white noise term and
D is a constant. Then, close to LP1 but still in the phase-locked
region, trains of noise-induced GS dropouts with corresponding ES pulses can be obtained. Figure 6 shows the evolution of
both the GS and ES intensities and the GS phase for ε = 4.4.
Figure 7 shows 3D plots of one noise-induced excitation at
the same ε. All of these plots clearly show a ringing in the
GS during the dropout. This is also clear in the experiment.
This ringing results from a unique feature in this system: the

FIG. 6. Numerically obtained noise (D = 0.25) induced excitable events. (a) shows the GS (blue) and ES (red) intensities.
(b) shows the corresponding phase evolution. The parameters are
the same as in Fig. 5, where the vertical line indicates the point of
operation.

presence of a saddle focus on the lower unstable branch in
the bifurcation diagram as shown in Fig. 8 which is a zoom
of Fig. 5(b). The excitable trajectory for the GS involves
an attraction to this saddle focus with accompanying smallamplitude oscillations. In practice, the number of oscillations
depends on the noise and can be small if the noise level is
large as is clear from Fig. 6 and the 3D diagrams for different
levels of noise shown in Fig. 7. Eventually the system hits the
saddle focus and is kicked along the repulsive trajectory. This
results in the observed large-amplitude ES pulsation which in
turn affects the GS phase dynamics due to the inhomogeneous
broadening-induced phase-amplitude coupling β. As with the
experiment, the phase of the GS laser field is bounded in
contrast to the unbounded phase of the Adler system. Thus,
while the initial excitable trajectory arises as usual with the
passing of the saddle created in the SNH bifurcation, the
ensuing trajectory involves a passage through a saddle focus
yielding both the ES pulse and the bounded phase GS cycle.
It is instructive to consider the ES excitation itself. Within
the phase-locked region the steady-state behavior is GS on
and ES off. The switching on of the ES during the excitable trajectory is similar to a Q-switched event. (This
analogy was previously described in Ref. [38] where periodic trains were reported.) The very short ES pulses are
excitable and thus could be used for pulse reshaping by
feeding back some of the output into the device. Indeed,

FIG. 7. Simulated 3D plots. (a) has a low-noise (D = 0.25) level
and consequently displays many rotations in the spiral. (b) has a
more realistic noise level (D = 1) and is in close agreement with the
experimental results in Fig. 4.
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a saturable absorber is removed: The single section acts both
as the amplifier and the gate for the pulses.
IV. CONCLUSION

FIG. 8. Zoom of Fig. 5(b), where LP1 denotes the limit point
which is a SNH bifurcation. The blue dot labeled SF represents the
saddle focus. The green dotted line marks the operating injection
strength where the noise induced events in Figs. 6 and 7 are found.
The dashed lines are unstable branches and the solid lines are stable.
The same operating parameters described in Fig. 6 are used here.

tunable pulse trains could be achieved in such a configuration.
(Tunability outside the excitable regime was described in
Ref. [38].) This excitable dynamic is reminiscent of that
found in Ref. [41] where a laser with a saturable absorber
was considered using the Yamada model. Below threshold
in the Yamada model, sufficiently strong perturbations can
trigger a high-intensity pulse after which the system returns
to the off state. The similarity with the behavior of the ES in
our system is natural given the Q-switching-like behavior of
our system. We note that while we require a master laser in our
work, our slave device is somewhat simpler since the need for
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